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Abstract 

We develop functoriality for Morse theory, namely, to a pair of Morse- 
Smale systems and a generic smooth map between the underlying man- 
ifolds we associate a chain map between the corresponding Morse com- 
plexes, which descends to the correct map on homology. This association 
does not in general respect composition. We give sufficient conditions 
under which composition is preserved. As an application we provide a 
new proof that the cup product as defined in Morse theory on the chain 
level agrees with the cup product in singular cohomology. In appendices 
we present a proof (due to Paul Biran) that the unstable manifolds of a 
Morse-Smale system are the open cells of a CW structure on the under- 
lying manifold, and also we show that the Morse complex of the triple is 
canonically isomorphic to the cellular complex of the CW structure. This 
gives a new proof that the Morse complex is actually a complex and that 
it computes the homology of the manifold. 

1 Introduction 

Morse theory attaches to a generic triple (M, F, p) , where M is a closed man- 
ifold, F a Morse function on M and p is a Riemannian metric on M, a chain 
complex Ai*(M, F, p), called the Morse complex of the triple (also known as the 
Thom-Smale-Witten complex in the literature). The homology of this complex 
is known to be canonically identified with the singular homology of M, and so 
is independent of (F,p), see Appendix D. For general background on Morse ho- 
mology, see for example [AB], [Sell]. The Morse complex itself does depend on 
this data. In this paper we investigate some functorial properties of this depen- 
dence. Namely, given two such triples, we associate to a generic smooth map 
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between the underlying manifolds a chain map between the Morse complexes, 
which descends to the correct map on homology. However, this association is in 
general not functorial, that is, it does not respect composition. We show that 
under some condition on the maps in question composition is preserved. Also, 
we believe that in general some weaker form of functoriality is present. At this 
point, we do not know what is the appropriate framework for this question. 

1.1 Structure of the paper 

In Section 2 we fix notations, give main definitions and formulate the results. 
Section 3 is dedicated to proofs of the results. In addition we apply functoriality 
to prove that the cup product on Morse complexes descends to the usual cup 
product on cohomology. This definition of the cup product in Morse homology 
has been around for some time now, but there seems to be no quotable reference 
for the details. In any case, we show how it fits into the general theory in a more 
coherent fashion. 

In Appendix A we prove that transverse maps (see definition 2.3) form an 
open and dense subset in the set of smooth maps. Transverse maps are the 
smooth maps to which we associate a chain map between the Morse complexes. 
In Appendix B we treat the relevant part of intersection theory of (oriented) 
manifolds. In Appendix C we bring an expanded version of the proof by Paul 
Biran (see [Bi]) of the fact that the unstable manifolds of a Morse-Smale triple 
are the open cells of a CW structure on the underlying manifold and in Appendix 
D we show that the Morse complex of the triple is canonically isomorphic to the 
cellular complex of the CW complex. Note that this gives an alternative proof of 
the fact that the Morse complex is indeed a chain complex and that its homology 
computes the homology of the manifold. In a sense, this proof is more intuitive 
than the ones which are usually encountered. Its drawback is its heavy reliance 
on difficult theorems of the theory of dynamical systems. 

Acknowledgements. We would like to thank Paul Biran, Michael Farber, 
Dmitry Gourevitch, Michael Hutchings, Matthias Kreck, Janko Latschev, Dim- 
itri Novikov, Leonid Polterovich, Peter Pushkar, and Eugenii Shustin for useful 
discussions. 
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2 Definitions 



2.1 Preliminaries on Morse theory 

Let M be a closed manifold, F G C°°(M) be a Morse function, and p a 
Riemannian metric on M. If x is a critical point of F, then the Hessian d\F is 
a well-defined nondegenerate quadratic form on T X M and the dimension of the 
negative space of d\F is called the index of F at x, denoted by ind^rr. The set 
of critical points of F of index k is Critfc(F), while the set of all critical points 
Crit(F) = {Jl =0 Crit k (F), where n = dimM. 

The negative gradient flow of the triple (M, F, p) is the flow of the vector field 
—V p F. Morse functions will be denoted by variations of the letter F, while the 
corresponding flows will be denoted by the suitable variation of the small letter 
/ with superscript t, for example F 2 ~» /J. 

Let (M,F,p) be a triple as above, and let x G Critfc(F). The unstable mani- 
fold through x is 

U x := \y G M\ lim f(y) = x\ , 

t— >— oc 

and the stable manifold through x is 

S x := {y G M \ lim f\y) = x\ . 

It is a standard fact that U x and S x are diffeomorphic to M fe and R™" fe , re- 
spectively. The triple (M, F, p) is called Morse-Smale if every stable manifold 
intersects every unstable manifold transversely. 

Definition 2.1. Let (M,F,p) be a Morse-Smale triple. There is a natural CW 
structure on M corresponding to the triple, the open cells being the unstable 
manifolds, see Appendix C. Let M k , for k = 0, ...,dimM, denote the fc-th 
skeleton of this structure, that is, M k is the union of the unstable manifolds of 
dimension up to A;. 

Remark 2.2. A CW complex for us is a CW complex with fixed attaching 
maps. In particular, each open cell is endowed with a smooth structure and 
an orientation. However, in case the CW complex in question comes from a 
Morse-Smale triple, the smooth structure on an open cell is that of the unstable 
manifold, not the one induced from the attaching map, which only provides an 
orientation for the cell. The characteristic maps, the smooth structures, and the 
orientations obtained by this convention are henceforth referred to as canonical. 
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2.2 Definitions and results 

Notation. We shall use the following notational convention. Whenever there 
is given a map of sets ip: M — > N and a family of self-maps of N, {/*}*gR, we 
shall denote </?* := /' o Now if (N,F,p) is a Morse-Smale triple, there is a 
canonical family of self- maps of N, namely the negative gradient flow /*, and it 
is this family that will always be understood in the notation </?*. 

Definition 2.3. Let M x be a CW complex and let (M 2 , F 2 , p 2 ) be a Morse- 
Smale triple. Let p: Mi — > M 2 be a continuous map. Define the map ip°°(x) : = 
lim^oo p t (x) (ip°° is in general discontinuous). The map ip is called: 

• regular, if ^°°(Mf) C M| for all fc; 

• cellwise smooth, or in short, cw-smooth, if the restriction of to every open 
cell of Mi (taken with the canonical smooth structure, see Remark 2.2) is 
smooth; 

• transverse, if it is cw-smooth, regular, and if for any open cell U\ C M\ 
of dimension k and any stable manifold S 2 C M 2 of codimension k the 
restriction is transverse to S 2 . 

Remark 2.4. If (Mi, F 1; pi) is a Morse-Smale triple and iV is a manifold, then a 
smooth map </?: M x — > is of course cw-smooth for the canonical CW structure 
on Mi, see Remark 2.2. 

Remark 2.5. In the definition of a transverse map the triple (M 2 , F 2 , p 2 ) needs 
not be Morse-Smale. A triple (M, F, p) is Morse-Smale if and only if the identity 
id^ is a transverse map. 

Definition 2.6. For a Morse-Smale triple (M,F,p) we let M*{M, F,p) be the 
Morse complex of the triple, A4k(M, F, p) being generated by the critical points 
of F of index k. 

Definition 2.7. Let Mi be a CW complex and let (M 2 , F 2 , p 2 ) be a Morse-Smale 
triple. Let p: M\ — > M 2 be a transverse map. For any k let £/i C Mi be a /c-cell 
and let S* 2 = S X2 C M 2 be the stable manifold corresponding to a critical point 
x 2 G Critfc(F 2 ). Then we can define the number 

n^U^x^ := #ip\ Vl H ^2 , 
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that is the intersection index. For the precise definition, as well as various orien- 
tation issues, we refer the reader to Appendix B. Using these numbers, we can 
define a sequence of homomorphisms (for notations concerning CW complexes, 
see Subsection 3.2) 

M(ip) k : Cfc(Mx) -> M k (M 2 , F 2 , p 2 ) , 
as follows. For an open cell U\ E C k (Mi) put 

M{ip)h(Ui) := ^ n ip (U 1 ,x 2 )x 2 . 

X2GCrit fe (F 2 ) 

Now we are ready to formulate the main results. 

Theorem 2.8. Let Mi be a CW complex and let (M 2 , F 2 , p 2 ) be a Morse-Smale 
triple. Let <p: M 1 — > M 2 be a transverse map. Then M.(<f) is a chain map, 
and the induced map .M (</?)* on homology coincides with tp # , the homology of 
M.*(M 2 , F 2 , p 2 ) being identified with the singular homology of M 2 . 

Lemma 2.9. Let (Mi, F iy pi) , i — 1,2 be Morse-Smale triples. The set of trans- 
verse maps Mi — > M 2 is open and dense in C°°(Mi, M 2 ) . 

The proof is given in Appendix A. 

Theorem 2.10. The association (p i— > A4(tp) has a unique C° -stable extension 
to the set of regular maps between a CW complex and a Morse-Smale triple. This 
extension still associates a chain map to a regular map, and for any regular <p 
we have M. (</?)* = </?*. 

Theorems 2.8 and 2.10 are proved in Section 3. 

This association is not in general functorial, for two reasons. Firstly, the 
composition of two regular maps needs not be regular, and secondly, even when 
Ai is defined, it does not in general commute with composition. There is however, 
a certain amount of functoriality possessed by M., and the following definition 
and theorem cover some of it. 

Definition 2.11. Let (M l5 F 1 , pi) and (M 2 ,F 2 ,p 2 ) be Morse-Smale triples. A 
regular map ip: Mi — > M 2 is called stably regular if for any x G M 1 there is 
y E Crit(F 2 ) such that ip(fl(x)) E S y for all t E R. 
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Theorem 2.12. Let Mi be a CW complex, and let {Mi, Fj, pi), i = 2, 3 be Morse- 
Smale triples. Let tp: Mi — > M 2 fre a regular map, and let ip: M 2 — > M 3 fre a stably 
regular map. Then ip o ip is regular, and moreover 

M(ip otp) = M(ip) o 7W(<^) . 

The proof is given in Subsection 3.5. 

3 Constructions and proofs 

3.1 Generalized Lyapunov theorem 

The following proposition says that if a closed subset is carried by the negative 
gradient flow pointwise close to a skeleton, then it also happens uniformly. 

Proposition 3.1. Let (M,F,p) be a Morse-Smale triple, and let X be a sub- 
complex of M. 

(i) Let V D X be an open neighborhood. Then there is an open neighborhood 
U D X such that U C V and U is invariant under the flow f l , that is /*([/) C U 
for all t > 0; 

(ii) Let Y C M be a closed subset. Suppose that for any y EY and any open 
V D X there exists T > such that f T (y) G V . Then for any open V D X there 
is T > such that f T {y) G V for any y EY . 

Proof. We prove both statements simultaneously by cellular induction. The 
case of points is clear. Let us prove (i). Let X' be a subcomplex of M, and 
let X = X' U e, where e is a cell not in X', such that de C X' and e is the 
unstable manifold of a critical point x. Let U' D X' be an {/'} t > -invariant 
open neighborhood such that U' C V. Let $: (—1, l) n — > M be a coordinate 
chart with $(0) = x and $(^i, . . . , x k , 0, . . . , 0) G U x for x { G (-1,1). For 
r G (0, 1) let 

k n 

C = {(a;i,..., a ; B )G(-l,iriX;^ = V4, E = °> 

i=l i=k+l 
k n 

S(r) = {(xi, ...,x n ) G (-1, 1)1 = */4, £ ^ 2 < r 2 } 

i=l i=fc+l 
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and 

k n 

B(r) = {On, ...,x n ) e (-1, l) n |^i? < 1/4, ]T x, 2 < r 2 } . 

i=l i=fc+l 

By the inductive assumption there is T > such that / T ($(C)) C U'. Hence 
there is r > such that f T ($(S(r))) C U'. Let 5(r) x [0, T] -> M be the flow 
map. By the compactness of [0, T] there is r' > such that ty(S(r') x [0, T]) C V. 
Now define C/ = Int ($(5(r')) U #(S(r') x [0,T])) U [/'. Then U satisfies the 
requirements of (i). 

(ii) By (i) there is an open U C V which is invariant under the flow. Let 
y eY. There is T y > such that f Ty (y) G U. Since U is open, there is an open 
neighborhood W y of y such that f Ty {W y ) C U. The sets form an open cover 
of Y, and owing to the compactness of Y there is a finite subcover {W^},. Now 
let T = maxj T y . . □ 

3.2 Metric CW complexes 

Let (X, d) be a (pseudo-)metric space of finite diameter. If Z is a set, then 
on the set of maps {/: Z — > X} there is a natural (pseudo-) metric, which we 
shall denote by d as well, defined by d(f,g) := sup 2eZ d{f{z), g(z)). For 5 > 
and A C X we denote ^ = {i e I A) < 5}. Given e > 0, a homotopy 
{</? t : F — > X} te j, where J C K. is some interval and Y is a topological space, is 
called an e-homotopy, if for all t,t' e J we have d(</?t, </?f) < 5. 

In this subsection all CW complexes are finite, in particular, compact and 
metrizable. 

Definition 3.2. A pseudo-metric CW complex is a pair (M, d) where M is a 
CW complex and d is a pseudo-metric which induces a topology coarser than 
that of M. The pair (M, d) is a metric CW complex if d is a metric inducing the 
topology of M. 

Recall that to a CW complex M one associates its chain complex C(M) and 
to any cellular map </?: M — > X a chain map C(y?): C(M) — > C(N). If </? t is a 
homotopy consisting of cellular maps, then C(y?<) is independent of t. 

Definition 3.3. Let M be a CW complex and let (X, d) be a metric CW com- 
plex. A continuous map tp: M — > X is called 5-cellular, where £ > 0, if for any 
integer k > we have ip(M k ) C (A rfc ) £ . 
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It is well-known that any map between CW complexes is nomotopic to a 
cellular map. We shall make use of a refinement of this statement: 

Proposition 3.4. Let N be a CW complex and let (M, d) be a metric CW 
complex. Then for any e > there exists 5 > such that for any 5 -cellular map 
ip: N — > M there is an e-homotopy {<p t } te i with <p = p and ipi cellular. □ 

This follows from quantitative cellular approximation, see Theorem 3.13 be- 
low. The proof of the next result goes along the same lines, and will be omitted. 

Proposition 3.5. Let M be a CW complex and let (TV, d) be a metric CW 
complex. Then for any e > there exists 5 > such that for any homotopy 
ip t : M N of 5 -cellular maps there exists a homotopy ip t of cellular maps such 
that d(ip t , ipt) < £ for any t. □ 

The following definitions are used in the next subsection. 

Definition 3.6. Let (M, d) be a metric CW complex. To it we associate a 
number % = r]i(M,d) > such that for any CW complex L and any pair of 
cellular maps pi,p>2'- L — > M with d((pi,(p 2 ) < rji we have C((pi) = C(y? 2 )- The 
existence of rji is evident. 

Definition 3.7. Let (M, d) be a metric CW complex. To it we associate a 
number i]2 = i]2(M, d) > such that for any CW complex L and any ^-cellular 
map ip: L — * M there exists a cellular map ip with d(ip, ip) < y . 

Definition 3.8. Let iV be a CW complex and let (M, d) be a metric CW com- 
plex. Put i]2 := i]2(M,d). Let p: N — > M be 772-cellular. Choose a cellular map 
ip with d(ip,ip) < 'H^M^-, Define C(<p) := C{ip). Clearly this is independent of ip. 
If tp is a cellular map, then this definition coincides with the original one. 

The rest of this subsection is dedicated to the proof of Theorem 3.13. The 
proof is along the lines of that of the classical cellular approximation theorem, 
see for example [Ha]. 

Lemma 3.9. Let (N, d) be a metric CW complex and let K C N be a subcom- 
plex. Consider the pseudo-metric CW complex (N x I,d'), where d! is given by 
d'((z, t), (V, £')) := d(z, z'). Then for any e > there exists a retract r: iV x / — > 
iVxOUfTx/ciVx / with d'(r, id NxI ) <e. □ 
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Lemma 3.10. Let (M,D) be a metric space. Let N be a CW complex, and 
let K C N be a subcomplex. Suppose that p: N — > M is continuous, and 
{q t : K — > M} teI is an e-homotopy with q = p\ K . Then there exists a 2e- 
homotopy {p t : N — > M} such that p = p and p t \x = q t . 

Proof. Metrize N by a metric d. Since iV is compact and p is continuous, 
it is uniformly continuous, that is, there is 5 > such that d(z, z') < 5 =>- 
D(p(z),p(z')) < e. By the previous lemma there is a retract r: N x I — > iV x U 
K x I such that d(r, id NxI ) < 5. Put p t (z) = p(r(z,t)), where p: NxOUK x/-> 
M is the union of the maps p and g t . □ 

Lemma 3.11. Let (M,d) be a metric CW complex. Then for any e > there 
exists 5 > such that if N is a CW complex, U G N is a top- dimensional cell, 
and ip: N — > M is a 5-cellular map, which is cellular on N — U , then there is an 
e-homotopy <p t , stationary on N — U, with ip — ip and (pi cellular. 

For the proof we need the following straightforward 

Lemma 3.12. Let D C W 1 be the standard closed ball of radius 1. Let d be 
a pseudo-metric on D, which is continuous with respect to the standard metric, 
and whose restriction to the interior of D induces the standard topology. Then 
for any e > there is 5 > such that there exists an e-homotopy r t : D — > D, 
such that r t \dD — id, To — ido and ri((dD)$) = dD (the 5 -neighborhood is taken 
with respect to d). □ 

Proof (of Lemma 3.11). Let k = dirnU. Proceed by induction on the maximal 
dimension I (which we of course suppose to be > k) of a cell of M which meets 
<p(U). Let s be the number of cells in M l — M k which meet U. Let V C M be 
such a cell, and let $: D — > V be the characteristic map. Let d be the pseudo- 
metric on D induced by For e' — f- choose 5 > and an e'-homotopy r t as in 
the previous lemma. Define r t : M l — > M l by r t \ M i_ v = id, r t ($(z)) := &(r t (z)) 
for z E D. Repeat the process for each cell of dimension /. Concatenate all the 
obtained homotopies into one e/2-homotopy, spanned over a suitable interval of 
time, denote it by r\. Compose: f\ o p. The end point p' of this homotopy 
sends U into M l ~ l , and we can apply the inductive assumption to get a further 
e/2-homotopy whose endpoint sends (p'(U) into M k . The concatenation of these 
two e/2-homotopies is the desired e-homotopy. □ 

Theorem 3.13 (Quantitative cellular approximation theorem). Let (M,d) be a 
metric CW complex, and let N be a CW complex. For any e > there exists 
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5 > such that if K C N is a subcomplex and tp: N — * M is a 5-cellular map, 
which is cellular on K , then there is an e-homotopy tp t , stationary on K , with 
(fo = tp and tp 1 cellular. 

Proof. By cellular induction on N. Let U C A" — K be a cell. By the inductive 
assumption, for any E\ > there exists 5 > such that for any 5-cellular map 
iV — U — > M which is cellular on K there is an £i-homotopy, stationary on K, 
between it and a cellular map. 

Let Si > be such that for any (^-cellular map tp: N —> M which is cellular 
on N — U, there exists an e/2-homotopy ip t fixed on iV — U such that po = ip, 
and ipi is cellular. 

Let E\ = min(#i/4, e/4) and let 5 < Si/2 be as provided by the inductive 
assumption (see the first paragraph), corresponding to S\. 

Let (p: N — > M be a 5-cellular map which is cellular on K, and let <// = p\n-u- 
Let be an 5i-homotopy between tp' and a cellular map iV — U — > M, provided 
by the inductive assumption. Extend to a 2ei-homotopy </?J: — > M. Let 
ip = tp[. Since tp' — tp is 5-cellular and </?J is a 2^1-homotopy, ■?/> is (2ei + 5)- 
cellular, in particular, it is 5i-cellular, since 2e\ + 8 < 5±. 

Since ip is 5i-cellular and iP\n-u is cellular, there exists an er/2-homotopy ip t on 
N, stationary on N — U, such that ipo — ip and ipi is cellular. The concatenation 
of the e/2-homotopies tp' t (tp' t is a 2ei-homotopy, hence an e/2-homotopy) and ip t 
is the desired e-homotopy. □ 

3.3 Regular maps 

In this subsection a Morse-Smale triple (M, F, p) is viewed as a metric CW 
complex, where the CW structure is the canonical one (see Remark 2.2), and 
the metric, denoted by d, is the one induced by p. For the purposes of this 
subsection we need to modify the definition of the number rj 2 (M) in case M is 
the underlying manifold of a Morse-Smale triple. 

Definition 3.14. Let (M,F,p) be a Morse-Smale triple. Let i] 2 := i] 2 {M,d) (d 
being the Riemannian distance). Denote by r]' 2 = r]' 2 (M, F, p) some number < i] 2 
such that for any k < I and any y G Crit;(F) the stable manidold S y does not 
meet the ^-neighborhood of M k . 

Definition 3.15. Let M\ be a CW complex and let (M 2 , F 2 , p 2 ) be a Morse- 
Smale triple. A map tp: Mi — > M 2 is called t- admissible, where t > 0, if p s is 
T)' 2 (M 2 , F 2 , p 2 )-cellular for any s > t. 
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Remark 3.16. A map is regular if and only if it is t-admissible for some t, due 
to Lemma 3.1. 

Definition 3.17. Let M 1 be a CW complex and let (M 2 ,F 2 ,p 2 ) be a Morse- 
Smale triple. For a t-admissible <p: M x — > M 2 we define .M s (<p) := C((p s ) for 
s > t. 

The association [t, oo) 9sh -M s ((p) is clearly locally constant, hence con- 
stant, and we have 

Lemma 3.18. If <p is regular, then A4 s (ip) is independent of s for s >t, where 
t is such that <p is t-admissible. We denote by -M(y?) the common value. □ 

Definition 3.19. Let Mi be a CW complex and let (M 2 ,F 2 ,p 2 ) be a Morse- 
Smale triple. A map <p: Mi — > M 2 is called e-stable ifjbr any map <p' with 
d((p,(p') < e we have: (i) <p' is regular and (ii) -M(<//) = M. (<p). 

Lemma 3.20. Let Mi fre a CW complex and let (M 2 ,F 2 ,p 2 ) fre a Morse-Smale 
triple. For any t > t/iere is £ > such that any t-admissible map ip: Mi — > M 2 
is e-stable. 

Proof. This is due to the uniform continuity of the map /*. □ 
Corollary 3.21. M is C°-stable. □ 

3.4 M = M 

In this subsection we prove Theorems 2.8 and 2.10. They are both corollaries 
of the following 

Theorem 3.22. Let M x be a CW complex and let (M 2 ,F 2 ,p 2 ) be a Morse-Smale 
triple. Let ip: Mi — > M 2 be a transverse map. Then -M((p) = Ai((p). 

Proof. If S is a metric sphere, there exists a positive number, which we denote 
f](S), such that any two continuous maps from a topological space to S which 
are r](S)-c\ose, are homotopic. 

For any x G Crit fc (F 2 ) choose a parametrization & x : B x x B 2 — > M 2 , where 
Bi C M k ,B 2 C are small balls centered at 0, n — dimM 2 , such that 

$ x (0) = x, $(Si x {0}) C U x , $({0} x B 2 ) C S*. Denote T x = x £ 2 ), 

D x = $(i?i x {0}) and let n x : T x — >■ £> s be defined by n x (&(a, b)) = $(a, 0). Let 
S x = M k /{M 2 k -D x ). 
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Let 

e — - min r)(S x ) . 

2 xeCrit(F 2 ) IK ' 

Choose 5 > such that (i) any 5-cellular map from Mi to M 2 can be ap- 
proximated by an e-close cellular map, (ii) (M| — Ar)<5 UT r D (M$)s for all 
fc and x G Crit fe (F 2 ), (iii) 5 < rj 2 (M 2 ), (iv) for any y E T x (~) (M$) s we have 
d(n x (y),y) < e. Choose T > such that for any t>T the map </?* is 5-cellular. 

Let ip: Mi — > M 2 be a cellular map such that <p T ) < e. 

Fix an open /c-dimensional cell C/i C Mi and x G Critfc(F 2 ). We shall define 
Lp 1 : M 1 fe /(M 1 fe -C/i) -> 5 X as follows. The point [Mf-E/i] is mapped to [M 2 fc -Dj. 
Now let y G ^. If V T (y) G T x , then ip'(y) = n x (ip T (y)). If <^ T (y) £ T x , 
p>'(x) = [M| — DJ. The map <// is clearly continuous. Let ip': M\j(M\ — U\) — > 
M% /(M$ — U x ) be the map induced by ^ . Define ■0" = po*0', where p: M 2 /(M 2 — 
C/ x ) — > is the projection. Clearly d(ip",ip') < 2e, hence deg^" = degy^'. On 
the other hand, deg^' = deg^", since p is a homotopy equivalence. In addition, 
x G S x is a regular value of <//, hence deg<^' = n v (Ui,x). 

To summarize, deg^' = n^U^x), hence -M(</?) = -M(</?). □ 

Henceforth for a regular map tp we shall denote M.((p) :— M.(tp), and thanks 
to the theorem, this notation is consistent. 



3.5 Stably regular maps 

In this subsection we prove Theorem 2.12. Throughout let M 1 be a CW 
complex and {(Mi, F i: Pi)}i= 2 ,3 be a pair of Morse-Smale triples. 

Proposition 3.23. Let ip t : Mi — > M 2 &e a homotopy through regular maps. 
Then A4(ip t ) is independent oft. □ 

Lemma 3.24. If ip: Mi — > M 2 is cellular, ip: M 2 — ► M 3 is regular, then ip o <p is 
regular and M.(ip o <p) = A4(ip) o C(</?). □ 

Proposition 3.25. Lei </?: M x — > M 2 and ^: M 2 — > M 3 be regular maps. Then 
for all large enough t the composition ip o tp 1 is regular and M.(ipo ip 1 ) = M.(ip) o 
M(<p). 

We need the following 

Lemma 3.26. There exist t and e > such that for any t > t the composition 
ip o ip 1 is e-stable. 
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Proof. Thanks to Lemma 3.20, if we show that there are to and T such that 
if) o tp* is T-admissible for all t > to, we shall obtain the desired assertion. 

Choose T > such that for all k the set ip T (M k ) lies in an invariant neigh- 
borhood V k of M|, contained in the ^(il^-neighborhood of M k . Let U k be an 
invariant neighborhood of such that ip T (U k ) C V k . Now choose t such that 
ip to (M k ) C U k . □ 

Proof (of the proposition). Only the second assertion is nontrivial. Let to and 
e be as provided by the lemma. Since ip is uniformly continuous, there is 5 > 
such that for any x, y with d(x, y) < 5 we have d(ip(x), ip{y)) < e. There is t\ > to 
such that for any t > ti there is a cellular map ip' such that <//) < 5, and 
M((f) = C(p'). It follows that d^ipo^^oip') < e, hence Mtyoip*) = M(ipop'). 
Now use Lemma 3.24 to conclude that Miipoip*) = M(ipo<p') = M(ip) oC(ip') = 
M(ip)oM(<p). □ 

Lemma 3.27. Let (p: Mi — >■ M 2 be regular and ip: M 2 — * M 3 fre stafr/y regular. 
Then ip o tp is regular. 

Proof. Let re G Mf. We need to show that ip{<p{x)) lies in some S z , where 
z G Criti(F 3 ) with I < k. Since ip is regular, ip{M%) C U ze crit,(*i0,i<* ^ 11 
follows that there is 5 > such that the whole (^-neighborhood of M k is sent ip 
into the latter union. Since ip is regular, there is t such that d{(p t {x) ) M k ) < 5, 
thus rp{ip t {x)') G S* 2 , where z G Crit(i<3) of index < fc. By the definition of 
stable regularity, this means that the whole open gradient line through <p l (x), 
which is the same as the gradient line through (p(x), is sent by ip into S z , that is 
ip(<p(x)) G S z . □ 

Proof (of Theorem 2.12). We only need to show that M.(ipoip) = M.(ip)oM.(ip). 
Since (p is regular, so is ip 1 for any t, that is {ipotp 1 ^ is a homotopy through regular 
maps, and by Proposition 3.23 we have J\4(ip o (p) = M.{ip o ip°) — J\4(ip o tp*). 
By Proposition 3.25 M(ip o </?*) = M(ip) o M((p) for all large t. □ 

3.6 Cup product 

Definition 3.28. Let (M,F,p) be a Morse-Smale triple. Denote 

M k {M, F, p) := Eom{M k {M, F, p),Z) . 

Together with the differential df := f o d, where / G M.* and d is the Morse 
differential on this constitutes a cochain complex, whose cohomology is 
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canonically identified with the singular cohomology of M. For a CW complex 
Mi, a Morse-Smale triple (M 2 , F 2 , p 2 ), an d a regular map </?: Mi — > M 2 define 

M k (M 2 ,F 2 ,p 2 ) - C fc (Mx) 

by 7W(v9) fe = (A^(v)fc)*, the star meaning the dual map. This is clearly a cochain 
map which, thanks to Theorem 2.10, gives the correct map on cohomology. 

We will now define the cup product on Morse cohomology using the functo- 
riality, mimicking the analogous construction in the singular theory. 

Notation. Let (M, F, p) be a Morse-Smale triple, and let x G Crit fe (F). Define 
S x G M k (M, F, p) by S x (x) = 1 and S x (y) = for y ^ x. 

Let M be a closed manifold. Choose three Morse functions F i: i = 1, 2, 3 and 
three Riemannian metrics p iy i = 1,2,3, such that (M, Fj,pj) are Morse-Smale 
triples, and such that the diagonal map A: (M, F 3 , p 3 ) — > (MxM, F x +F 2) Pi+p 2 ) 
is transverse. Let X{ G Crit^Fj) be such that k 3 = k\ + fc 2 . Define the number 
n x ^' X2 := jftJ Xz fl S^ 1 fl S^ 2 , that is the triple intersection number, see Appendix 
B. Due to the fact that A is a transverse map, this number is well-defined. Define 
a bilinear map 

- : M k ' (M, Fi, pi) x M k > (M, F 2 , p 2 ) - .M fc3 (M, F 3 , p 3 ) 

by 

Theorem 2.8 yields that ^ is a bi-chain map, and the induced map on cohomol- 
ogy coincides with the cup product. This formula for the cup product has been 
known before. 

A Transversality 

Here we prove Lemma 2.9. For this we need a couple of definitions and 
lemmas. 

If M, iV are closed manifolds, M' C M, A' C A are submanifolds, put 
U{M\ A') = {ip G C°°(M, A) | <p| M ' is transverse to A'} , 

and 

J(M', A') = {if G C°°(M, A) | v?(M - M') n A' = ip(M') fl (A 7 — A') = 0} . 
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Lemma A.l. The set U(M', N') is dense and the set U(M', N') n J(M', N') is 
open in C°°{M,N). 

Proof. The first statement is a standard transversality argument, and will be 
omitted. 

Let if E U{M', N') n J(M', N'). It is clear that for x E M',y E N' there is an 
open neighborhood XtV of (p and open neighborhoods U XtV 3 x, V x>y 3 y such that 
for any ip' E O we have that <f'\u x , y nM' is transverse to V x>y fl N'. Also there is an 
open neighborhood O of (p and open neighborhoods U D M' — M', V D N 1 — N' 
such that for any <p' E O we have <p'(U) n N' = ip'(M') nV = 0. 

Now {U XjV x V r Xi j / }( Xi j / ) e M'xAf / U {U x N',M' x V} is an open cover of the 
compact set M' x N', hence there are {(xi,yi) E M' x N'}1 =1 such that {U XuVi x 
Ki.yJLi U {U xW,W x V} is still a cover. Now f|[=i Ox i)W n C is an open 
neighborhood of up inside W(M', iV') n J(M', iV'). □ 

Proof (of Lemma 2.9). The set of transverse maps equals 

T = f]{U(U x , SV)\xE Crit^Fx), y G Crit,(F 2 ), fc < /} . 

Let M 2 be the CW complex whose cells are the stable manifolds of the triple 
(M 2 ,F 2 ,p 2 ), or, which is the same, the CW complex of the triple (M 2 , — F 2 ,p 2 ). 
For a subcomplex X C M 1 x M 2 define 

T(X) = f]{U(U x ,S y ) | G Crit^FO x Crit z (F 2 ) n X, fc < /} . 

Clearly T = T(M\ x M 2 ). We shall prove by cellular induction on X that T is 
open and dense. For X = the statement is trivial. Assume the statement for 
a certain X and let X' — X l±l e, where e = £/ x x is a cell not in X. We have 

T(X') = T(X)nU{U x ,S y ) . 

Now T(X) is open dense by inductive assumption, U(U x ,S y ) is dense by the 
lemma, hence T(X') is dense. Note that T(X) C l(U x ,S y ), hence T(X') = 
T(X) n 1(U X , S y ) n Again by the lemma, 1(U X , S y ) n S*) is 

open. Therefore T(X') is open. □ 
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B Intersections and orientations 



Here we bring together the necessary preliminaries from intersection theory, 
in particular, we treat orientations. 

Let V be an n-dimensional real vector space. An orienting multivector of V is 
an element o G A n V — {0} . If S C V is a subspace, then a coorienting multivector 
(or form) of S is an orienting multivector of the annihilator S 1 - C V*, or, which 
is the same, an element c G A codimS (V/ S)* — {0}. Indeed, the projection p: V — > 
y/S 1 induces an injective map p*\ (V/S)* — > V* whose image is precisely S^, thus 
p: (V/S)* — S ± . The common dimension of these spaces is dimS^ = codimS', 
hence A dl ~ A codim5 (^//S')* canonically. Two (co)orienting multivectors 

are equivalent if they differ by a positive scalar multiple. An equivalence class 
of (co)orienting multivectors is a (co)orientation. Note that if n — 0, then 
A n V = A°V = R canonically, and we can speak of the sign of the orientation. 

A transverse intersection of an oriented subspace and a cooriented subspace 
is again an oriented subspace. To see this, we need some linear algebra. 

For any real vector space W and integers i,j>0 there are the canonical maps 
A: AW® AW -> A i+ W and det : AW*® AW — > R. UW is finite-dimensional, 
then the determinant defines a non-degenerate pairing between AW* and AW, 
which gives rise to a canonical isomorphism AW* = (AW)*. 

Let again V be an n-dimensional real vector space and let < k < I < n be 
two integers. Consider the map 

A l V ® A k V* ® A l ~ k V* dcto(ld A'v® A ) ) R ^ 

which can be viewed as a map 

— : A l V <g) A k V* -> (A'-V*)* = A'-V . 

Now let [/ C V be an oriented subspace of dimension I with o E A l U as an 
orienting multivector let S be a cooriented subspace of codimension k with c G 
A^VyS*)* as a coorienting multivector. Suppose that they intersect transversely. 
Then k < I < n. Let p: U ^ V/S be the natural projection. Then the element 
o ^ p*c G A l ~ k U can be seen to belong to A l ~ k (U P\ S) — {0}, thus defining an 
orienting multivector of U D 5", hence an orientation. 

Note that if C/ C V is oriented and V = U © 5", then on S there is a natural 
coorientation. Indeed, let o G A k U be an orienting multivector. Since A fe [/ is 
one-dimensional, there is a unique 77 G (A k U)* = A k U* with 77(0) = 1. The 
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projection p: U — > V/S is an isomorphism, hence also p*: A k (V/S)* — > A k U*. 
The desired coorientation on S is the the class of the multivector This 
coorientation on 5 can also be defined as the unique coorientation such that the 
oriented intersection U D S — {0} has the positive orientation. 

This can be generalized to a transverse intersection of an oriented subspace 
with a finite number of cooriented ones: if U C V is oriented, Si, ... , 
Sk C V are cooriented, then define by induction 

Now if M is a manifold and N, P are submanifolds, such that N is oriented by 
a continuous section o of the bundle A l TN — {0} (/ = dim JV), and P is cooriented 
by c G T(K k (TM /TP)* - {0}) (Jfe = codim M P), then the intersection NOP 
acquires a natural orientation, according to the above construction, provided 
that N and P intersect transversely. Again, the transverse intersection of a 
single oriented submanifold and a finite number of cooriented ones can be given 
an orientation. Also remark that a simply connected manifold can be (uniquely) 
oriented by orienting the tangent space to it at some point. 

Consider now a Morse-Smale triple (M,F,p). By Remark 2.2 the unstable 
manifolds are oriented. For x G Crit(F) we have T X M = T X U X @T X S X , hence, by 
the above remark, all the stable manifolds acquire natural coorientations. These 
coorientations serve to define the intersection numbers introduced in Section 2, 
as follows. Let x G Crit fc (F) and let 0: R k — > M be a smooth map, which is 
transverse to S x and satisfies (S* - S x ) n </)(R k ) = (<f)(R k ) - (f)(R k )) n S x = 0. 
In this case the set <p~ 1 (S x ) is finite. For a point z G <j)~ 1 (S x ) we define its sign 
as follows. The differential d z (f) maps T z IR fc = M. k isomorphically onto its image; 
therefore inside T^M we have two subspaces which intersect transversely and 
which are of complementary dimensions: d z (f)(R k ) and T^S X . The first space 
is oriented while the second one is cooriented, thus their intersection, being an 
oriented subspace of dimension zero, has a number e z associated to it. Now put 

#0HS*:= £ *- 

Additionally, we would like to remark that in existing literature on Morse 
homology the spaces of gradient trajectories are oriented in a certain way, see for 
example [Hul]. Using coorientations, in our opinion, allows for a more canoni- 
cal (still, equivalent) definition of orientations: for x, y G Crit(F) the manifold 
AA(x,y) = U x fl S y of (parametrized) trajectories between x and y carries an 
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orientation as the intersection of an oriented and a cooriented manifolds. The 
space Ai(x, y) = A4(x,y)/R of unparametrized trajectories is oriented because 
each one of its tangent spaces is a quotient of an oriented space by an oriented 
subspace. 

C CW structure from Morse- S male triples 

The following theorem was proven by Paul Biran in [Bi], based on the results 
of Laudenbach and Hutchings from [La] and [Hu2]. We bring here a more de- 
tailed version of his proof, since our results rely on it, and also for the sake of 
completeness. 

Theorem C.l. Let (M,F,p) be a Morse-Smale triple. Then the unstable man- 
ifolds are the open cells of a CW structure on M . 

For the proof we need the following definitions and results. 

Definition C.2. An endomorphism of a finite-dimensional real vector space is 
called hyperbolic if it only has eigenvalues of absolute value different from 1. 

Definition C.3. Let X be a vector field on M and let <pt be the flow it generates. 
A critical point a; of X is called hyperbolic if d x 4> t G End(T x M) is for all t ^ 0. 
A closed orbit 7 of 4> t of period T > is called hyperbolic if the differential of 
the local Poincare map is. 1 

Definition C.4. Let X be a vector field generating a flow <p t . If x is a hyperbolic 
critical point, the stable and unstable manifolds through x are 

U x = {y G M I lim <f) t y = x} and S x = {y G M | lim <f) t y = x} . 

If 7 is a hyperbolic periodic orbit of X of positive period, similarly we define its 
stable and unstable manifolds as 

U J = {y G M I 3r G R : lim d(<p t y, 7(t + r)) = 0} 

and 

S 1 = {y G M I 3r G R : lim d{<j> t y, ~f(t + r)) = 0} , 
where d is a metric inducing the topology of M. 

1 The local Poincare map at x = 7(0) is denned as follows: choose a hypersurface H passing 
through x and intersecting 7 transversely; now send a point y £ H sufficiently close to x to 
<t>t(y){y), where t(y) = inf{i > \<f> t (y) e H }. 
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It is well-known that the stable and unstable manifolds of hyperbolic critical 
points and closed orbits are smooth submanifolds of M. 

Definition C.5. A vector field is called Morse-Smale if it only has hyperbolic 
critical points and closed orbits and moreover, any stable manifold meets any 
unstable manifold transversely. A Morse-Smale field is called gradient-like if it 
has no closed orbits of positive period. A gradient-like Morse-Smale field is said 
to be of standard type if around each critical point there is a coordinate system 
(xi, . . . , x n ) such that the field is given by 

X{x\ ) . . . , Xn) ( X\ ) . . . , Xk, Xk+1] ■ ■ ■ i X n ) . 

Definition C.6. Let (M, F, p) be a Morse-Smale triple. It is said to be of 
standard type if the vector field —V p f is of standard type. 

The following result is proved by Laudenbach [La] and Hutchings [Hu2] . 

Theorem C.7. Let (M,F,p) be a Morse-Smale triple of standard type. Then 
the unstable manifolds are the open cells of a CW structure on M . □ 

Theorem C.8 (Smale [Sm]). A gradient-like Morse-smale vector field of stan- 
dard type is the negative gradient field of a Morse function with respect to some 
Riemannian metric on M. □ 

Theorem C.9 (Franks [Fr]). If Xq is a gradient-like Morse-Smale vector field, 
then there exists a continuous path [0, 1] 3 t i— > X t in the space of smooth vec- 
tor fields on M starting at X such that every X t is Morse-Smale and X\ is 
a gradient-like Morse-Smale vector field of standard type whose critical points 
coincide with those of Xq. □ 

Definition C.10. Two vector fields X, Y on M are topological^ conjugate if 
there is a homeomorphism of M which maps any orbit of the flow of X onto 
an orbit of the flow of Y and preserves their orientation. 

If X and Y are topologically conjugate gradient-like Morse-Smale vector 
fields, then the above homeomorphism maps critical points of X onto those 
of Y, preserves their indices, and also the stable and unstable manifolds. 

Definition C.ll. A vector field is called structurally stable if any sufficiently 
C°°-small perturbation of it is topologically conjugate to it. 
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The following result was probably first proved by Smale, but in his original 
paper we could not find quite the formulation we need, so instead we refer the 
reader to the paper by Robinson [Ro]. 

Theorem C.12. Any Morse-Smale vector field is structurally stable. □ 

Corollary C.13. If {Xt} t e[o,i\ ^ s a continuous path of Morse-Smale vector fields 
then X Q and X 1 are topologically conjugate. □ 

Corollary C.14. Any gradient-like Morse-Smale vector field is topologically con- 
jugate to one of standard form. □ 

Proof (of Theorem C.l). Let X = —W p F. By the last corollary, X is topolog- 
ically conjugate by a homeomorphism to a gradient-like Morse-Smale vector 
field Y of standard form, which, by Theorem C.8, is the negative gradient vector 
field of a Morse function with respect to some Riemannian metric. Theorem C.7 
says that the unstable manifolds of Y are the open cells of a CW structure on M. 
This means that the unstable manifolds of X are the open cells of another CW 
structure on M, which is obtained from that corresponding to Y by applying 
(f)- 1 . ' ' □ 

D Morse complex and the chain complex of the 
CW structure associated to a Morse-Smale 
triple 

The goal of this section is to prove that the Morse complex of a Morse- 
Smale triple is canonically isomorphic to the chain complex of the CW structure 
associated to the triple by the previous section. In order to do this we need 
to show that if a; is a critical point of index k and y one of index k — 1, then 
the algebraic number of connecting trajectories from x to y coincides with the 
degree of map S^ 1 -> M k ~ l -> M k ~ 1 /(M k - 1 - U y ) -> (W U M k - 2 )/M k - 2 ~ 
S k ~ 1 , where the first arrow is the restriction of the attaching map of the cell 
corresponding to U x to the boundary S k ^ 1 = dD k . 

More precisely, we shall prove the following theorem: 

Theorem D.l. Let (M,F,p) be a Morse-Smale triple. Let § x : D k — > M be 

the attaching map for a critical point x G Critfc(F), given by the CW structure 
from the last section. These maps induce orientations on the unstable manifolds 
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of the system. Then for any critical points x, y of indices k, k — 1 we have 
#M(x,y) = deg(p y o <$> x \ 9D k), where p y : M k ~ 1 -> M k ~ 1 /(M k - 1 - U y ) ~ S k ~ l , 
the latter sphere carrying the orientation induced from that of U y . 

Proof. Coorient the stable manifolds as described in Appendix B. 

Choose a coordinate system near y, B k - l xB n - k+1 -> M, where B i C M i is 
a small open ball centered at the origin. Assume tf(0) = y and V(B k - 1 xO) C U y , 
$(0x B n ~ k+1 ) C 5". Denote D y = ^(B k ~ 1 xO),T y = im^ and define ir y : T y -> 
£>„ by tt^ = * o pr x o where pr x : 5 fe-1 x S"-^ 1 -> = B^ 1 x is the 

projection onto the first factor. 

Let p' y . M k ~ l -> M k ~ 1 /(M k ~ 1 - D y ) be the quotient map. Recall that the 
latter space is a sphere, oriented as U y . Note that p' y is the composition of p y 
and the natural quotient map M k ~ 1 /(M k - 1 - U y ) -> M fc-1 /(Af fc_1 - D y ), which 
is a homotopy equivalence. Thus degfjo,, o ^l^k) = deg(p^ o <& x \ dD k). 

Recall that if S is a metric sphere, then rj(S) > is a number such that 
any two i](S)-c\ose maps from a compact space into S are homotopic. Let S y = 
M k - 1 /(M k - 1 - D y ) and r] = r](S y ). 

Let 7r: D k — — > S* -1 be the radial projection. Via the attaching map $ it 
induces a deformation retraction 7r: - 0) — »■ c^S* -1 ) C M fc_1 . For e > 0, 

let 5(e) > be such that if z G - 0) D M^ 1 , then d(7r(V), z) < e. 

Consider now a closed ball Z? in U x of small radius around x. It is diffeomor- 
phic to the standard ball D k . Choose an orientation-preserving diffeomorphism 
D k — > D and denote by v its restriction to <9Z) fc = S k ~ x . Then z/ is transverse to 
all gradient trajectories. It is easy to see that #M.{x,y) equals the intersection 
number of /* o v with S y for any t. 

There exists to such that for all t > to the map 7r* := n o (^j;/*) -1 o/'oy 
has degree 1. Hence deg(p' y o $ x \g D k) = deg(p' y o & x \ dD k o 7r*) for all t > t . Note 
that ^ o $ x \ S k-i on^p'yonofou: S^ 1 -> 5 y . 

For any £ > there is T £ > such that for any t > T £ we have im(/* oy) c 

Choose now e > such that e < S(rj/2), T y U (M k ~ 1 - D y ) £ D M^" 1 and 
d(ir y (z), z) < i]/2 for z G TyUM^ -1 . Then there is a continuous map 7r^: M k ~ l — > 
^ defined by tt^z) = ^(tt^)) if 2 G T y n M^" 1 and n' y (z) = [M k ~ 1 - D y \ 
otherwise. 

For t >T e there is a map z? t : S^ -1 — > S^, defined by u l = n' y o f l o v. The 
distance between z/* and p' y o tt o f l o u is less than 77 and so they are homotopic. 
Consequently degfj^ o $ x | S fc-i) = deg(p' y onopou) = deg(z/*). This last degree 
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can be computed at the regular value y of v l and it is easily seen to be equal to 
the intersection number of v with S y . □ 
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